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Abstract
We extend the BMN duality between IIB superstring theory on a pp–wave background and a
sector of N = 4 super Yang-Mills theory to the non–supersymmetric and unstable background
built by Romans as a compactification on a U(1) bundle over CP2 with 3–form and 5–form field
strength fluxes. We obtain a stable theory with the fewest number of supercharges (e.g. 16)
allowed by this kind of solutions and make conjectures on the dual gauge theory.
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1 Introduction
A duality between type IIB strings on the maximally supersymmetric pp–wave [1] [2] and
a sector of N = 4 super Yang-Mills theory has been recently proposed. In [3] Berenstein,
Maldacena, and Nastase show how string theory on the maximally supersymmetric pp–
wave can be obtained from AdS5 × S5 as the Penrose limit [4] along a null geodesic.
This background is particularly interesting because the superstring theory can be
solved on it using the GS superstring formalism and light–cone gauge [5], [6]. All the
string states are massive
H = −p+ =
+∞∑
n=−∞
Nn
√
µ2 +
n2
(α′p+)2
(1.1)
where Nn is the occupation number of the n
th normal mode of the bosonic and fermionic
fields. Choosing a null geodesic breaks SU(4)R to the U(1)R of rotations along the
geodesic. BMN argued that string states on the pp–wave limit of AdS5 × S5 are dual to
a sector of N = 4 SYM which is composed of both chiral and non–chiral operators with
large dimension ∆, large U(1)R charge J and fixed ∆− J
∆− J = −p+
µ
=
+∞∑
n=−∞
Nn
√
1 +
4πgsNn2
J2
∆+ J
R2
= −µ p−
(1.2)
where R4 ≡ 4πα′2gsN is the common radius of AdS5 and S5 and the expressions are
valid for ∆−J
J
≪ 1.
BMN explicitly identified the non–chiral operators corresponding to the string spec-
trum (1.1). Expression (1.2) can be expanded as a perturbation series in the constant
gsN
J2
= λ
J2
, which can be interpreted as an effective coupling constant. In this way, per-
turbative calculations may be performed in the non–perturbative regime λ ≫ 1, and
comparison with the superstring results can be carried out.
After [3] the Penrose limit has been applied to other, less symmetric, models, and
some results were obtained on the non–perturbative behaviour of a large variety of gauge
theories. In this paper we go in this same direction and consider the large ∆ and J
(along with large N and λ) limit of a non–supersymmetric unstable gauge theory which
is obtained as the IR fixed point of the renormalization group flow from N = 4 SYM
deformed through a mass term for one of the fermions in the adjoint of the gauge group
[7] [8] [9]. The dual to this theory is the compactification built in [10] as a U(1) fibration
over CP2. The background has three– and five–form field strengths turned on, and is
unstable.
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After taking the Penrose limit, we find a pp–wave background with constant NS–NS
and R–R field strengths. pp–wave backgrounds with 2–form fields have been considered
in [11], [12], and [13] for a different and supersymmetric fixed–point. Despite the orig-
inal instability, our solution is stable and has the minimal number of supersymmetries
allowed for IIB pp–waves (e.g. 16). This has some interesting consequences. First of all,
the bosons and fermions have different masses, which gives the theory a non–vanishing,
finite and positive zero–point energy. Moreover, in the perturbative expansion of the
anomalous dimension of the dual operators, we find that some scalars have as the first
order correction a term proportional to
√
λeff
(∆− J)n =
√
2
(
1± n√π
8
√
λeff +
π
16
n2λeff +O(λ
3/2
eff )
)
(1.3)
where λeff =
g2
YM
N
J2
.
We also find that the perturbation series for some fermionic states starts from the
second order
(∆− J)n =
1√
2
(
1 +
π2
16
n4 λ2
eff
+O(λ3
eff
)
)
(1.4)
as was also found for a different model in [13].
This paper is organized as follows. In section 2 we review the construction of the
supergravity solution of [10], first following the original paper, and then in a different
way that makes the symmetries more evident. In section 3 we take the Penrose limit of
this solution. In section 4 we quantize the string theory on the constant NS–NS and R–R
fields pp–wave, and give an approximation to the zero–point energy. In the last section
we discuss the field theory dual to the pp–wave string theory.
2 The SU(3)× U(1) supergravity solution
The 2–dimensional complex projective space CP2 is defined as the subset of C3 − {0}
with the identification (z1, z2, z3) ≃ (λz1, λz2, λz3) with λ any complex number different
from zero. The metric of this space is given by
ds2 =
dr2 + r2σ23
(1 + Λ r
2
6
)2
+
r2(σ21 + σ
2
2)
1 + Λ r
2
6
where Λ is the cosmological constant and σi, i = 1, 2, 3 are the SU(2)–invariant forms
satisfying dσ1 = 2σ2 ∧ σ3 and permutations. It is possible to define a connection A that
satisfies
dη + (
1
4
ωabΓ
ab − i e A)η = 0 (2.1)
3
where e is the charge of the spinor η (we use the same charge normalization as [10]):
A = Aµdx
µ = 3
Cµνx
νdxµ
1 + x21 + x
2
2 + x
2
3 + x
2
4
, C =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0


and z1 = x1 + i x2, z2 = x3 + i x4 and z
2
1 + z
2
2 + z
2
3 =
6
Λ
. The solution to equation (2.1) is
given by 

e = 1
2
(Γ12 − Γ34)η = 0
(i+ Γ12)η = 0
∂iη = 0 i = 1, 2, 3, 4
(2.2)
and imposing η†η = 1, η can be determined up to a phase α. If we define the charge
conjugate spinor χ ≡ Cη∗, we can build a complex (2,0)–form K ≡ χ† Γij η ei ∧ ej ({ei}
(i = 1, . . . , 4) are the vielbeins of CP2) which will be useful later to define the complex
three–form on the 10–dimensional background. Given (2.2) we find that
{
K12 = K34 = 0
K13 = −K24 = iK23 = iK14 = eiα (2.3)
where α is an arbitrary real constant.
The connection A can be used to build a U(1) bundle over CP2. We refer to this
space as M5. Its metric is given by
ds2M5 = ds
2
CP
2 + c2(dτ − A)2 (2.4)
for a constant c to be determined later.
Given M5 we can build a compactification of IIB supergravity of the form AdS5×M5
[10]
ds2 = ds2AdS5 + ds
2
M5
G3 =
2
R
e−iτKij ei ∧ ej ∧ e5
F5 = − 1√
2R
(eµ ∧ eν ∧ eρ ∧ eσ ∧ eτ + em ∧ en ∧ ep ∧ eq ∧ er)
(2.5)
where {eµ} and {em} are the vielbeins of AdS5 andM5 respectively, and ΛCP2 = 1c2 = 8R2 .
We choose a coordinate system in which the AdS metric is given by
ds2AdS = R
2(− cosh2ρ dt2 + dρ2 + sinh2ρ dΩ3)
4
and the complex coordinates of CP2are
z1 = cotω cos
θ
2
ei
ψ+φ
2
z2 = cotω sin
θ
2
ei
ψ−φ
2
(2.6)
The ten–dimensional metric takes the form
ds210 = R
2(− cosh2ρ dt2 + dρ2 + sinh2ρ dΩ3) + R
2
8
(dτ +
3
2
cos2 ω (dψ + cos θ dφ))2 +
+
3
4
R2(dω2 + sin2 ω cos2 ω σ23 + cos
2 ω (σ21 + σ
2
2)) (2.7)
where
σ1 + iσ2 = − i2eiψ(dθ − i sin θ dφ)
σ3 =
1
2
(dψ + cos θ dφ)
while for the complex three–form we obtain
G3 =
3
8
√
2
eiαe−i(τ+ψ)R2 cosω (dθ + i sin θ dφ) ∧ (dω + i
2
sinω cosω (dψ + cosθ dφ)) ∧
∧ (dτ + 3
2
cos2 ω (dψ + cosθ dφ)) (2.8)
The symmetry of this solution is SU(3) × U(1)1. The SU(3) is a spatial symmetry,
it comes from the symmetry of the compact space M5, while the U(1) is a subgroup of
the SU(1, 1) ⊂ SL(2,R) symmetry of chiral supergravity [14] and can be associated with
translations of the α phase of the complex 3–form.
This solution has no supersymmetries, and is unstable. In fact there is a scalar mode
in the 6 of SU(3) with m2 = −40
9
(in units of the AdS radius) which is below the
Breitenlohner–Freedman bound [15].
There is another way to build the solution AdS5 ×M5. This background is the ten–
dimensional lifting of the solution corresponding to one of the critical points of the scalar
potential of five–dimensional gauged supergravity [16]. Each of these critical points is
characterized by the expectation value of a set of scalar fields. After making the proper
changes, we can use the same formulas as [17] for the embedding of the five–dimensional
solution into chiral ten–dimensional supergravity.
The general formula is
ds210 = Ω
2ds2AdS + ds
2
5 (2.9)
1The U(1) factor doesn’t appear in the original work of Romans [10]. It was first argued to belong
to the symmetry group of this solution in [14].
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where
Ω2 = ξ coshχ
ds25(α, χ) =
a2
2
sechχ
ξ
(
dxIQ−1IJ dx
J
)
+
a2
2
sinhχ tanhχ
ξ3
(
xIJIJdx
J
)2
QIJ = diag
(
e−2ν , e−2ν , e−2ν , e−2ν , e4ν , e4ν
)
(2.10)
JIJ = −JJI and J14 = J23 = J65 = 1
ξ2 = xIQIJx
J
and R0 is the radius of the round S
5 compactification, while χ and ν are the scalar fields
which determine the five–dimensional solution. In our case they are
ν = 0 and χ =
1
2
log
(
2−
√
3
)
(2.11)
New complex coordinates are defined based on the structure of J
u1 = x1 + ix4, u2 = x2 + ix3, u3 = x5 − ix6 (2.12)
which transform in the 3 of SU(3). We parametrize them as
u1 = cosω ei(P+
ψ+φ
2
) cos
θ
2
u2 = cosω ei(P+
ψ−φ
2
) sin
θ
2
(2.13)
u3 = sinω eiP
so that if we define z1 =
u1
u3
and z2 =
u2
u3
, these coordinates give the right parametrization
(2.6) of CP2. Now we only need to make two remarks in order to obtain our solution
(2.7). First of all the radius R0 of AdS5 in the round S
5 compactification is different
from our radius R: (2.9), (2.10) and (2.11) show that
R20 sechχ =
2
3
R2 (2.14)
Also the coordinate P has to be rescaled in order to obtain the metric of the fibration
over CP2 as we wrote it above. The right substitution is P = τ
3
.
This way of obtaining the solution is very useful when considering the symmetries
of the theory. If we write the metric (2.10) and complex three–form in terms of the u
coordinates
ds25 =
2
3
R2
3∑
k=1
(
dukdu¯k +
1
8
(
u¯kduk − ukdu¯k)2) (2.15)
G3 = i
9
4
√
2
eiα du¯1 ∧ du¯2 ∧ du¯3 (2.16)
the solution is manifestly SU(3)× U(1) symmetric.
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3 The Penrose limit
3.1 Taking the limit
We now consider the Penrose limit of (2.7). We consider the null geodesic ρ = ω = θ = 0
and scale our coordinates as
ρ =
r
R
ω =
2√
3
η
R
θ =
4√
3
χ
R
(3.1)
We define
β =
ψ + φ
2
x+ =
1
2
(
t +
1
2
√
2
(τ + 3β)
)
x− =
R2
2
(
t− 1
2
√
2
(τ + 3β)
) (3.2)
and expand the metric keeping only O(1) terms
ds2 = − 4dx+ dx− − r2(dx+)2 + dr2 + r2 dΩ3 + dη2 + η2 dβ2 + dχ2 + χ2 dφ2 +
− 2
√
2dx+(η2 dβ + χ2 dφ2) (3.3)
There is a way to write this metric which is far more intuitive in view of the quantization
of the string theory on this background. If we change coordinates
ϕ1 = φ−
√
2
(
x+ − x
−
R2
)
ϕ2 = β −
√
2
(
x+ − x
−
R2
) (3.4)
the metric reads
ds2 = −4dx+ dx− +
8∑
i=1
(dxi)2 −
(
4∑
i=1
(xi)2 + 2
8∑
i=5
(xi)2
)
(dx+)2 (3.5)
where x1, . . . , x4 are along the spatial coordinates of the AdS part of the pp–wave and
we defined χ eiϕ1 = z1 = x
5 + i x6 and η eiϕ2 = z2 = x
7 + i x8.
We take the same limit on the 3– and 5–forms, and obtain
G3 = 2 e
iα dx+ ∧ dz1 ∧ dz2
F5 = − 1√
2
dx+ ∧ (dx1 ∧ dx2 ∧ dx3 ∧ dx4 + dx5 ∧ dx6 ∧ dx7 ∧ dx8) (3.6)
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The metric and the forms we have obtained from the Penrose limit of the SU(3)×U(1)
solution are, as one would expect, a solution of the equations of motion of supergravity.
They indeed satisfy the relation [13]
trA = −8f 2 − 2 |b|2
where Aij are the masses of the bosonic zero modes that can be read off the coefficents
of the (dx+)2 terms in the metric, e.g. Aij = diag(1, 1, 1, 1, 2, 2, 2, 2), and b and f are the
coefficients of G3 and F5 respectively.
As usual, the solution preserves the 16 supercharges Γ+ǫ = 0 [2]. In Appendix B we
check that there are no other supersymmetries.
4 String spectrum
4.1 Bosonic sector
The string theory on a pp–wave background is exactly solvable even when there are non
trivial NS–NS and R–R fields. The bosonic spectrum doesn’t get contributions from the
R–R fields [6], but feels only the graviton and the NS–NS 3–form field strength. The
model we consider and its quantization are similar to [11], [13] and [18].
We introduce a mass parameter m by scaling x+ and x− as
x+ → mx+ x− → x
−
m
(4.1)
Both x+ and x− have now the dimension of a length. We also decompose the complex
3–form G3 as
G3 = H
NS
3 + iF
RR
3
The background is then given by
ds2 = −4dx+dx− +
8∑
i=1
(
dxi
)2 −m2
(
4∑
i=1
(
xi
)2
+ 2
8∑
i=5
(
dxi
)2)(
dx+
)2
(4.2)
HNS3 = 2mdx
+ ∧ (cosα (dx5 ∧ dx7 − dx6 ∧ dx8)− sinα (dx6 ∧ dx7 + dx5 ∧ dx8))
FRR3 = 2mdx
+ ∧ (cosα (dx6 ∧ dx7 + dx5 ∧ dx8)+ sinα (dx5 ∧ dx7 − dx6 ∧ dx8))
F5 = − m√
2
dx+ ∧ (dx1 ∧ dx2 ∧ dx3 ∧ dx4 + dx5 ∧ dx6 ∧ dx7 ∧ dx8)
and the action for the bosonic sector is [18]
SB =
1
2πα′
∫
dτ˜
∫ 2π
0
dσ L˜B (4.3)
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where, after fixing the gauge x+ = 2α′p+τ˜ , the “lagrangian” is given by [18]
L˜B = 1
4
(
∂˜0X
i
)2
−m2(α′p+)2 ciX i 2−1
4
(
Xj
′ − 2α′p+H+ijX i
)
Xj
′−2α′p+
(
∂˜0X
−−X− ′
)
(4.4)
and ci = (1, 1, 1, 1, 2, 2, 2, 2). L˜B doesn’t have the dimensions of an energy. This is because
τ˜ is not a time–sized variable. A natural choice for defining a new time coordinate is
suggested by the gauge–fixing condition
τ = 2α′p+τ˜ = x+ ⇒ ∂˜0 = ∂
∂τ˜
= 2α′p+
∂
∂τ
= 2α′p+∂0 (4.5)
We also require that the lagrangian and the gauge–fixing condition are consistent, thus
we rescale L˜B in such a way that its functional derivative with respect to X˙− gives
p− = −2p+. We thus get for the lagrangian and action, respectively
LB = L˜B
2α′2p+
=
=
p+
2
8∑
i=1
X˙ i
2 − m
2p+
2
8∑
i=1
ci X
i 2 − 1
8(α′)2p+
8∑
i,j=1
(
δijX
i′ − 2α′p+H+ijX i
)
Xj
′
+
−2p+X˙− + 1
α′
X−′ (4.6)
and
SB =
1
2π
∫
dτ
∫ 2π
0
dσLB (4.7)
We may now proceed in the evaluation of the bosonic string spectrum: if we explicitly
substitute H+ij into (4.6) then
LB = p
+
2
8∑
i=1
X˙ i
2 − m
2p+
2
8∑
i=1
ci X
i 2 − 1
8(α′)2p+
8∑
i,j=1
X i
′ 2
+
m
2α′
(
cosα
(
X5X7
′
+
− X7X5′ −X6X8′ +X8X6′
)
− sinα
(
X6X7
′ −X7X6′ +X5X8′ −X8X5′
))
+
− 2p+X˙− + 1
α′
X−′ (4.8)
Four bosonic modes are independent harmonic oscillators, while the other four are mag-
netically coupled through the H3 field. The term in the X
− field only gives a constraint
on the physical states, since it is linear in the field. We introduce three parameters
k ≡ p
+
2
a ≡ 1
8(α′)2p+
g ≡ m
2α′
(4.9)
9
to avoid as much confusion as possible in the following expressions. We study the equa-
tions of motion of the fields (X5, X6, X7, X8); the ones for the four independent fields
(X1, X2, X3, X4) are obtained by substituting 2m2 → m2 and g → 0 in the expressions
for the interacting degrees of freedom.
The Eulero–Lagrange equations read
− X¨5 = 2m2X5 − a
k
X5
′′ − g
k
(
cosαX7
′ − sinαX8′
)
− X¨6 = 2m2X6 − a
k
X6
′′
+
g
k
(
cosαX8
′
+ sinαX7
′)
(4.10)
− X¨7 = 2m2X7 − a
k
X7
′′
+
g
k
(
cosαX5
′ − sinαX6′
)
− X¨8 = 2m2X8 − a
k
X8
′′ − g
k
(
cosαX6
′
+ sinαX5
′)
We build a “vector” X(σ, τ) ≡ {X i (σ, τ)} with i = 5, 6, 7, 8 and expand it in Fourier
modes
X (σ + 2π, τ) = X (σ, τ) X (σ, τ) =
+∞∑
n=−∞
cn(τ)e
inσ (4.11)
From the reality of X it follows that c−n(τ) = cn(τ). The system of equations of motion
becomes
−c¨n(τ) = Tncn(τ) (4.12)
where
Tn =


2m2 + an
2
k
0 − ign
k
cosα ign
k
sinα
0 2m2 + an
2
k
ign
k
sinα ign
k
cosα
ign
k
cosα − ign
k
sinα 2m2 + an
2
k
0
− ign
k
sinα − ign
k
cosα 0 2m2 + an
2
k


(4.13)
The eigenvalues of this matrix are
k+n = 2m
2 +
an2
k
+
g
k
n (4.14)
k−n = 2m
2 +
an2
k
− g
k
n (4.15)
each with multiplicity 2. Since Tn is a self–adjoint operator, T
†
n = Tn, we can choose a
set of orthonormal eigenvectors of Tn as a basis for the four–dimensional space of the
10
cn(τ)’s (i = 1, 2)
Tne
+(i)
n = k
+
n e
+(i)
n
Tne
−(i)
n = k
−
n e
−(i)
n (4.16)
e
±(i)
n · e±(j)n = δ+−δij
We can write then
cn(τ) = B
+(i)
n e
+(i)
n +B
−(i)
n e
−(i)
n (4.17)
where a sum over i = 1, 2 is understood. Substituting into (4.12) we find
− B¨+(i)n (τ) = k+nB+(i)n (τ)
−B¨−(i)n (τ) = k−nB−(i)n (τ) (4.18)
which have solution
B+(i)n (τ) = A
+(i)
n e
−iω+n τ +D+(i)n e
iω+n τ
B−(i)n (τ) = A
−(i)
n e
−iω−n τ +D−(i)n e
iω−n τ (4.19)
where
ω±n =
√
k±n (4.20)
Imposing the condition on the reality of X, we find a relation between the A and D
coefficients
A
∓(i)
−n = D
±(i)
n (4.21)
We then have
X(σ, τ) =
+∞∑
n=−∞
2∑
i=1
((
A+(i)n e
−iω+n τ + A−(i)−n e
iω+n τ
)(
A−(i)n e
−iω−n τ + A+(i)−n e
iω−n τ
))
(4.22)
We define the momentum vector Π(σ, τ) = {Πk (σ, τ)} = 2kX˙(σ, τ) with k = 5, 6, 7, 8 and
Πk(σ, τ) ≡ δLBδX˙k(σ,τ) . (4.22) and Π (σ, τ) can be inverted to obtain the Fourier coefficients
A
±(i)
n and A
±(i)
n
A±(i)n =
1
2
∫ 2π
0
dσ
2π
e
±(i)
n ·
(
X(σ, τ) +
i
2kω±n
Π(σ, τ)
)
e−inσ+iω
±
n τ
A
±(i)
n =
1
2
∫ 2π
0
dσ
2π
e±(i)n ·
(
X(σ, τ)− i
2kω±n
Π(σ, τ)
)
einσ−iω
±
n τ (4.23)
Quantization of the bosonic fields is then achieved as usual by promoting X(σ, τ) and
Π(σ, τ) to operators (the Fourier coefficients are also promoted to operators A
±(i)
n and
A
±(i)
n
†
) and imposing canonical commutation relations on them[
X i(σ, τ),Πj(σ
′, τ)
]
= i δij δ(σ − σ′) (4.24)
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By using (4.23) and (4.24) we can calculate the commutation relations for the A
±(i)
n and
A
±(i)
n
†
operators. Since we will interpret them as creation and annihilation operators, we
normalize their commutators to one. We thus define (ω±n is always strictly positive)
a±(i)n ≡
√
8πkω±n A
±(i)
n
a±(i)n
† ≡
√
8πkω±n A
±(i)
n
†
(4.25)
so that [
a+(i)m , a
+(j)
n
†]
= δmn δ
ij and
[
a−(i)m , a
−(j)
n
†]
= δmn δ
ij (4.26)
with all other commutators equal to zero.
Substituting (4.22) and Π (σ, τ) into the hamiltonian (L5,6,7,8B stands for the part of
the lagrangian involving only the fields X5, · · · , X8)
H5,6,7,8B =
∫ 2π
0
dσ
(
Π ·X − L5,6,7,8B
)
(4.27)
we find that
H5,6,7,8B =
+∞∑
n=−∞
(
ω+n
(
a+(1)n
†
a+(1)n + a
+(2)
n
†
a+(2)n
)
+ ω−n
(
a−(1)n
†
a−(1)n + a
−(2)
n
†
a−(2)n
))
(4.28)
We introduce the number operators
N0n ≡ a0(1)n
†
a0(1)n + a
0(2)
n
†
a0(2)n + a
0(3)
n
†
a0(3)n + a
0(4)
n
†
a0(4)n
N+n ≡ a+(1)n
†
a+(1)n + a
+(2)
n
†
a+(2)n N
−
n ≡ a−(1)n
†
a−(1)n + a
−(2)
n
†
a−(2)n (4.29)
where the “0” quantities can be easily obtained from the ± ones via the substitution
mentioned above. The complete bosonic hamiltonian is given by
HB =
+∞∑
n=−∞
(
ω0nN
0
n + ω
+
nN
+
n + ω
−
nN
−
n
)
(4.30)
4.2 Fermionic sector
It comes out that in light–cone gauge, using the GS formalism, it is possible to quantize
the fermionic sector of superstring theory on a pp–wave with non–zero 3–forms and 5–
forms [6], [18]. The only contribution to the fermionic part of the lagrangian is given by
the supercovariant kinetic term for the two GS spinors
L˜F = i
(
ηabδIJ − ǫabρ3 IJ
)
∂˜ax
mθ¯IΓm(Dˆb)
JKθK (4.31)
12
where [6] [11]
Dˆa = ∂˜a+
1
4
∂˜ax
k
[(
ωmnk − 1
2
Hmnkρ3
)
Γmn −
(
1
12
FmnlΓ
mnlρ1 +
1
120
FmnlpqΓ
mnlpqρ0
)
Γk
]
(4.32)
ρ0 =
(
0 1
−1 0
)
ρ1 =
(
0 1
1 0
)
ρ3 =
(
1 0
0 −1
)
(4.33)
and θ1 and θ2 are 32–component space–time Majorana spinors; since we are considering
IIB superstrings they have the same chirality. We choose Γ11θ
I = θI to be consistent
with the choices made for the background gravitino and dilatino in Appendix B2.
Fixing the light–cone gauge
x+ = 2α′p+τ˜ = τ and Γ+θI = 0 (4.34)
the supercovariant derivative can be simplified to
Dˆ JMb θ
M = ∂˜bθ
J −mα′p+δ 0b
[(
cosα
(
Γ57 − Γ68)− sinα (Γ67 + Γ58)) ρ JM3 θM +
+
(
cosα
(
Γ67 + Γ58
)
+ sinα
(
Γ57 − Γ68)) ρ JM1 θM + (4.35)
− 1√
2
(
Γ1234 + Γ5678
)
ρ JM0 θ
M
]
Using some gamma–matrices algebra and the chirality of the θ spinors it comes out
that the only non–zero contribution to the sum over m in (4.31) comes from the +
term. As explained in Appendix A, we use the light–cone gauge and the chirality of θI to
reduce the degrees of freedom of the spinors, and write the lagrangian using 8–component
spinors SI in place of the 32–component ones θI . Taking the same normalization as for
the bosonic lagrangian, we eventually get
LF = 2i
α′
{
− 2α′p+ (S1∂0S1 + S2∂0S2)− S1∂1S1 + S2∂1S2 +mα′p+ [S1 (cosα (γ57+
− γ68)− sinα (γ67 + γ58))S1− S2 (cosα (γ57 − γ68)− sinα (γ67 + γ58))S2+
+ 2S1
(
cosα
(
γ67 + γ58
)
+ sinα
(
γ57 − γ68))S2 + 2√2S2 γ5678 S1]}
(4.36)
We can now quantize the fermionic sector. First of all we write the equations of
2We explain our conventions on gamma–matrices and spinors in Appendix A.
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motion
−iS˙1 = i
2α′p+
∂1S
1 − im
2
[(
cosα
(
γ57 − γ68)− sinα (γ67 + γ58))S1 + (cosα (γ67 + γ58)
sinα
(
γ57 − γ68))S2 −√2γ5678S2]
−iS˙2 = − i
2α′p+
∂1S
2 − im
2
[(
cosα
(
γ57 − γ68)− sinα (γ67 + γ58))S2 + (cosα (γ67+
+ γ58
)
+ sinα
(
γ57 − γ68))S1 +√2γ5678S1] (4.37)
and decompose the spinorial fields in Fourier modes
SI(σ + 2π, τ) = SI(σ, τ) (4.38)
SI(σ, τ) =
+∞∑
n=−∞
SIn(τ) e
inσ (4.39)
Writing the equations of motion for the normal modes we notice that the F5 interac-
tion couples every component of one spinor to the same component of the other spinor,
without mixing different components, while the 3–form interactions leave four modes un-
affected while coupling magnetically all the other components: H3 acts within the same
spinor, while F3 mixes components of the first spinor with components of the second one,
and viceversa. We then have four components of each spinor (S1n(3), S
1
n(4), S
1
n(5), S
1
n(6) and
S2n(3), S
2
n(4), S
2
n(5), S
2
n(6)) which are coupled only through the 5–form as
−iS˙1n(k) = −
n
2α′p+
S1n(k) +
im√
2
S2n(k)
−iS˙2n(k) =
n
2α′p+
S2n(k) −
im√
2
S1n(k)
(4.40)
Their frequencies can be found by diagonalizing the matrix(
− n
2α′p+
im√
2
− im√
2
n
2α′p+
)
(4.41)
which gives
ω0n = ±
√
m2
2
+
n2
(2α′p+)2
(4.42)
The other eight components feel both the complex 3–form and the 5–form
−i ˙˜Sn = TnS˜n (4.43)
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where S˜n ≡
(
S1n(1), S
1
n(2), S
1
n(7), S
1
n(8), S
2
n(1), S
2
n(2), S
2
n(7), S
2
n(8)
)
and
Tn =


− n
2α′p+
0 −imβ(α) 0 − im√
2
0 −mβ(α) 0
0 − n
2α′p+
0 −imβ(α) 0 − im√
2
0 −mβ(α)
imβ¯(α) 0 − n
2α′p+
0 −iβ¯(α) 0 − im√
2
0
0 imβ¯(α) 0 − n
2α′p+
0 −iβ¯(α) 0 − im√
2
im√
2
0 −mβ(α) 0 n
2α′p+
0 imβ(α) 0
0 im√
2
0 −mβ(α) 0 n
2α′p+
0 imβ(α)
−mβ¯(α) 0 im√
2
0 −imβ¯(α) 0 n
2α′p+
0
0 −mβ¯(α) 0 im√
2
0 −imβ¯(α) 0 n
2α′p+


(4.44)
and we have defined β(α) ≡ cosα+ i sinα. The frequencies of the normal modes can be
obtained, again, by diagonalizing this matrix. The result is
ω−n = ±
√√√√ n2
(2α′p+)2
+
5
2
m2 − 2m
√
n2
(2α′p+)2
+m2 (4.45)
ω+n = ±
√√√√ n2
(2α′p+)2
+
5
2
m2 + 2m
√
n2
(2α′p+)2
+m2 (4.46)
To get the hamiltonian we organize the 16 eigenvalues in the following way
ω1n = ω
2
n = ω
3
n = ω
4
n = ω
0
n
ω5n = ω
6
n = ω
−
n (4.47)
ω7n = ω
8
n = ω
+
n
and the other eight ones are defined in the same way but with the minus sign. The
Majorana condition on the spinors S1 and S2 gives a relation between the positive– and
negative–frequency components of the Fourier expansion Θjn. We obtain then
S(σ, τ) =
+∞∑
n=−∞
8∑
j=1
(
Θjnw
j
n e
iωjnτ +Θ
j
−n w
j
−n e
−iωjnτ
)
einσ (4.48)
where wjn are the eigenvalues of the kinetic matrix built from the blocks (4.41) and (4.44).
We promote the Θjn and Θ
j
n to operators Θ
j
n and Θ
j
n
†
and define the new operators bjn and
bjn
†
by requiring that imposing the canonical anti–commutation relations for the spinor
fields and momentums{
SI,i(σ, τ),ΠJj (σ
′, τ)
}
= iδijδ(σ − σ′)δIJ for i, j = 1, · · · , 8 (4.49)
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is equivalent to realizing a Clifford algebra with bjn and b
j
n
†
{
bim, b
j
n
†}
= δmnδ
ij (4.50)
The hamiltonian is given by
HF =
+∞∑
n=−∞
8∑
i=1
ωin S
i
n
†
Sin (4.51)
4.3 Spectrum
We summarize here the results we obtained in the two preceeding subsections on the
spectrum of superstring theory on this minimallly supersymmetric pp–wave. The total
hamiltonian is given by
H = HB +HF =
+∞∑
n=−∞
(
ωB,0n N
B,0
n + ω
B,+
n N
B,+
n + ω
B,−
n N
B,−
n +
+ωF,0n N
F,0
n + ω
F,+
n N
F,+
n + ω
F,−
n N
F,−
n
) (4.52)
and
ωB,0n =
√
m2 +
n2
(2α′p+)2
ωB,+n =
√
2m2 +
n2
(2α′p+)2
+
mn
α′p+
ωB,−n =
√
2m2 +
n2
(2α′p+)2
− mn
α′p+
ωF,0n =
√
m2
2
+
n2
(2α′p+)2
ωF,−n =
√√√√ n2
(2α′p+)2
+
5
2
m2 − 2m
√
n2
(2α′p+)2
+m2
ωF,+n =
√√√√ n2
(2α′p+)2
+
5
2
m2 + 2m
√
n2
(2α′p+)2
+m2
(4.53)
The physical states will also have to satisfy the constraint
P =
+∞∑
n=−∞
nNn = 0 (4.54)
16
which follows from the equations of motion of the − coordinates. We define a vacuum
|0〉 which is annihilated by all the bosonic and fermionic destruction operators, and
build string states by applying the creation operators on it, taking care of satisfying the
constraint (4.54).
As can be noted from the masses (4.53) of the bosonic modes, the tachyon that made
the ten–dimensional background unstable is not present in the string spectrum after the
Penrose limit. This could have been guessed even before calculating the frequencies of the
bosonic modes, and is due to the fact that when we put the superstring theory on the pp–
wave limit of a supergravity compactification, we are keeping only those states in string
theory which have very large momentum along the geodesic we take the Penrose limit on,
i.e. we are considering high–order Kaluza–Klein states. We argue that the behaviour of
the scalars of our theory is not much different (at least qualitatively) from the AdS5×S5
solution, where the KK–angular momentum contribution to the mass of the scalars in
any representation of SU(4) is eventually dominant over the other contributions [19].
Thus, in the limit of large J, the KK contribution to the energy of the states will drive
the mass of the tachyon to a positive value. This is analogous to what happens in the
Penrose limit of type IIB string theory on AdS5 × T p,q [20] and of type 0 string theory
on AdS5 × S5 [21].
4.4 Zero–point energy
Despite the solution has 16 supersymmetries, the masses of the bosons and fermions are
not equal, and the string theory will have a non–vanishing zero–point energy given by
E0 =
+∞∑
n=−∞
E0 n =
+∞∑
n=−∞
(
2ωB,0n + ω
B,−
n + ω
B,+
n − 2ωF,0n − ωF,−n − ωF,+n
)
(4.55)
Other examples of the same phenomenon include [20], [21] and [22]. The series (4.55) is
convergent and we can approximate it with the integral
∫ +∞
−∞
dx
(
2
√
m2 +
x2
(2α′p+)2
− 2
√
m2
2
+
x2
(2α′p+)2
+
√
2m2 +
x2
(2α′p+)2
+
mx
α′p+
+
+
√
2m2 +
x2
(2α′p+)2
− mx
α′p+
−
√√√√ x2
(2α′p+)2
+
5
2
m2 − 2m
√
x2
(2α′p+)2
+m2
−
√√√√ x2
(2α′p+)2
+
5
2
m2 + 2m
√
x2
(2α′p+)2
+m2


(4.56)
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where we have substituted the discrete variable n with a continuos one x. This integral
can be evaluated numerically, and gives a positive result
E0 ∼ 2m2α′p+ (4.57)
It is interesting to compare this with another non–supersymmetric example [21].
There the zero–point energy E0/m vanishes for mα
′p+ → +∞ (perturbative limit in
the dual gauge theory), while is unbounded from below in the limit mα′p+ → 0 (su-
pergravity limit). In this case we have the opposite behaviour, E0/m goes to 0 in the
supergravity limit and diverges in the perturbative limit.
5 Dual gauge theory
The gauge theory dual to the compactification of [10] is N = 4 SU(4)R super Yang-
Mills deformed by a mass term for one of the four fermions in the adjoint of the gauge
group SU(N) [7] [8]. The compactification we are considering is indeed obtained from
AdS5 × S5 by turning on a complex 3–form. Complex 3–forms are in the 10 of SU(4)
and couple to boundary operators which are bilinears in the four fermions that belong
to the spectrum of N = 4 SYM. In particular the 3–form (2.16) we turned on is in the
singlet representation of SU(3) ⊂ SU(4) and thus can only couple to a mass term for one
of the fermions. We choose λ4 as the fermion that gets a mass. Thus the gauge theory
lagrangian is given by
L = LN=4 +mTr
(
λ4λ4 + λ¯4λ¯4
)
(5.1)
The fermion mass term is a relevant operator which drives a RG flow from the N = 4
UV fixed point to an IR fixed point where all supersymmetries are broken. Nothing will
prevent scalar fields to gain mass through radiative corrections and the effective infrared
theory will be made up only of three massless fermions and SU(N) gauge fields, all in
the adjoint of the gauge group. The authors of [9] argued that, as a consequence of the
instability of this fixed point, the chiral symmetry SU(3) is dynamically broken down
to SO(3). Since our model is stable after the Penrose limit, we believe that the subset
of operators we are considering and their symmetries are well described by the pp–wave
background.
Let us consider the symmetries preserved by the limit. In section 3.1 we redefined
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the angle coordinates of the original space
t = mx+ +
x−
mR2
φ =
√
2
(
mx+ − x
−
mR2
)
+ ϕ1
ψ =
√
2
(
mx+ − x
−
mR2
)
+ 2ϕ2 − ϕ1
τ = −
√
2
(
mx+ − x
−
mR2
)
− 3ϕ2
(5.2)
thus the hamiltonian and the light–cone momentum are given by
H = −p+
m
=
i
m
∂
∂x+
= i
∂
∂t
− i
√
2
(
∂
∂τ
− ∂
∂ψ
− ∂
∂φ
)
= ∆−
√
2 (Jτ−ψ − Jφ)
2p+ = −mp− = im ∂
∂x−
=
1
R2
(
i
∂
∂t
+ i
√
2
(
∂
∂τ
− ∂
∂ψ
− ∂
∂φ
))
=
∆+
√
2 (Jτ−ψ − Jφ)
R2
(5.3)
where Jτ−ψ ≡ i
(
∂
∂τ
− ∂
∂ψ
)
and Jφ ≡ i ∂∂φ . As manifest from (2.13) Jτ−ψ − Jφ is a U(1)
generator of SU(3).
The boundary operator Tr λaλb + h.c. under SU(4)→ SU(3) decomposes as
10 → 1+ 3+ 6 (5.4)
As we have already said, the singlet operator Tr λ4λ4 couples to
3 du¯1 ∧ du¯2 ∧ du¯3, while
Tr λiλj to dui∧du¯j∧du¯k. From this we obtain the charges of Table 1, where J ≡ Jτ−ψ−Jφ.
By looking at the charges it is evident that at the n = 0 level the symmetry conserved by
the Penrose limit is SU(2)× U(1) ⊂ SU(3), where SU(2) rotates the fermions (λ2, λ3).
Since there are no supersymmetries, and the supergravity approximation gives results
only on some low–lying states, we can only make conjectures on the spectrum of the fields,
which we leave for future work to verify. The SU(3) symmetry of the original theory
ensures that the fields λ1, λ2, λ3 and, separately, λ¯1, λ¯2, λ¯3 will have the same dimension.
Thus looking at Table 1 it seems a good guess to choose as the building block of the
vacuum the field λ¯1. Its charge is the largest among all the fields, which means that if
we take as a first approximation to the energy of the operator the sum of its ∆ and J ,
Trλ¯ 2J1 will be the one with the smallest energy. Moreover λ¯1 is a singlet of the SU(2)
symmetry group of the free theory, feature we would expect from the vacuum. Thus we
take
|0〉 = Tr (λ¯ 2J1 ) (5.5)
3The coefficients in front of the 3–forms are not relevant in the calculation of the charges of the
fermions, and we will ignore them. The couplings will be valid up to a constant coefficient.
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Jτ−ψ Jφ J
λ1 − 16 12 −23
λ¯1
1
6
−1
2
2
3
λ2 − 16 −12 13
λ¯2
1
6
1
2
−1
3
λ3
1
3
0 1
3
λ¯3 − 13 0 −13
Table 1: The charges of the fermionic massless fields which make up the spectrum of the
effective theory at the IR fixed point.
The four bosonic states with H = 1 are obtained, as usual in this kind of theories, by
applying the gauge–covariant derivative along one of the four space–time directions to a
scalar pair
(
λ¯1λ¯1
)
. The covariant derivative adds a unit to the dimension, while leaving
the charge unchanged.
H = 1 → Tr (λ¯ 2J−21 Di (λ¯1λ¯1)) (5.6)
We argue the four bosonic states with H =
√
2 are obtained by substituting one of
the scalars
(
λ¯1λ¯1
)
with one of the Goldstone bosons of the symmetries that were broken
in SU(3)→ SU(2)× U(1). The four generators of these broken symmetries give rise to
the operators
Tr
(
λ¯ 2J−21
(
λ¯1λ¯2 + λ¯2λ¯1
))
Tr
(
λ¯ 2J−21
(
λ¯1λ¯3 + λ¯3λ¯1
))
Tr
(
iλ¯ 2J−21
(
λ¯1λ¯2 − λ¯2λ¯1
))
Tr
(
iλ¯ 2J−21
(
λ¯1λ¯3 − λ¯3λ¯1
)) (5.7)
This identification is strengthened by the following consideration: if we substitute a
λ¯1 field with a λ¯2 or λ¯3 fermion, we are subtracting a 2/3 charge and adding a −1/3
one. Since these three fermions have the same ∆, if we naively add up the charges and
dimension of the new state we find that, because of (5.3), H =
√
2.
The fermionic states should be built by adding a fermion to one of the states. The six
states with H = 1/
√
2 could be realized by adding to (5.5) one of the fermions λ¯1, λ¯2, λ¯3.
Each of them has two degrees of freedom, since they are Weyl fermions, giving a total of
six states. If this guess will prove to be right, the other two states with H = 3/
√
2 are
to be expected to come from the insertion of a λ¯4 (or the corresponding combination of
fields in the effective theory). When we integrate it out in the IR fixed point, this field is
presumably substituted by a trilinear in the other three fermions (it is the easiest way to
build a state with J = 0), giving an idea of why the energy of the two states Tr
(
λ¯ 2J1 λ¯4
)
should be three times the energy of the states Tr
(
λ¯ 2J1 λ¯k
)
.
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We define λeff =
λ
J2
. The stringy operators are probably obtained from the n = 0
ones by adding phases as in [3]. The dimensions have a common zero–point contribution
(∆− J)0 =
E0
m
∼ 1√
λeff
(5.8)
From (4.53), (5.3) and R4 = 4πgNα′2, the perturbative expansion for the dimension of
the single impurity operators reads
(∆− J)B,0n =
√
1 +
π
2
n2λ
J2
= 1 +
π
4
n2 λeff +O(λ
2
eff
)
(∆− J)B,−n =
√
2
√
1−
√
π
2
n
√
λ
J
+
π
4
n2λ
J2
=
√
2
(
1− n√π
8
√
λeff +
π
16
n2λeff +O(λ
3/2
eff )
)
(∆− J)B,+n =
√
2
√
1 +
√
π
2
n
√
λ
J
+
π
4
n2λ
J2
=
√
2
(
1+ n
√
π
8
√
λeff +
π
16
n2λeff +O(λ
3/2
eff )
)
(∆− J)F,0n =
1√
2
√
1 + π
n2λ
J2
=
1√
2
(
1 +
π
2
n2 λeff +O(λ
2
eff
)
)
(∆− J)F,−n =
√
5
2
− 2
√
1 +
π
2
n2λ
J2
+
π
2
n2λ
J2
=
1√
2
(
1 +
π2
16
n4 λ2
eff
+O(λ3
eff
)
)
(∆− J)F,+n =
√
5
2
+ 2
√
1 +
π
2
n2λ
J2
+
π
2
n2λ
J2
=
3√
2
(
1 +
π
9
n2 λeff +O(λ
2
eff
)
)
(5.9)
Some comments are in order. First of all we notice that the zero–point contribution
to ∆ − J is divergent in the perturbative limit. (∆− J)0 is a constant common to
all operators, and perturbation theory should still allow us to calculate the difference
between the dimension of an operator and that of the vacuum. We also find that in
the expansions for the H =
√
2 scalars the first contribution is of order
√
λeff . This
seems to be an original feature of our model, and from [23] we believe it suggests that
the quantity e
2pi
J − e− 2piJ should appear in the leading coefficient of the perturbation
expansion, indicating that moving an impurity in one direction or the other, in Feynman
graphs, should give different contributions. It must also be noticed that the dimension
of two fermionic modes doesn’t get corrections from one–loop graphs, and its expansion
starts at the second order. This same feature was found in [13].
We leave for future work a firmer analysis of the gauge theory.
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A Appendix: Γ matrices and conventions
The metric signature is ηMN = (−,+,+, . . . ,+). When we write antisymmetric forms in
component notation we use the following normalization
ωp =
1
p!
ω1,...,p dx
1 ∧ . . . ∧ dxp
We adopt the same conventions as [5] for Γ–matrices and indicate with ΓM the 32×32–
component gamma–matrices, and with γ˜M the 16× 16–component ones.
ΓM =
(
0 γ˜M
¯˜γM 0
)
(A.1)
{
ΓM ,ΓN
}
= 2ηMN γ˜M ¯˜γN + γ˜N ¯˜γM = 2ηMN (A.2)
γ˜M =
(
1, γ˜i, γ˜9
)
¯˜γM =
(−1, γ˜i, γ˜9) (A.3)
where M,N = 0, 1, 2, . . . , 9 and i, j = 1, 2, 3, . . . , 8.
We adopt the Majorana representation, C = Γ0, so we can choose all γ˜M to be real
and symmetric, and assume the normalization
Γ11 ≡ Γ0Γ1 . . .Γ9 =
(
1 0
0 −1
)
(A.4)
We define ΓM1...Mp as the antisymmetrized product of Γ matrices with the same nor-
malization as forms
ΓM1...Mp =
1
p!
εM1M2...Mp Γ
M1ΓM2 . . .ΓMp = ΓM1ΓM2 . . .ΓMp
where the last equation is valid if and only if all the indices are different (otherwise the
matrix equals zero).
32– → 8–component spinor decomposition
Because of the normalization we chose for Γ11 and the condition on the space–time
GS spinors: Γ11θ
I = θI , the 32–component spinor has only 16 non–zero components
θI =
(
θ˜I
0
)
(A.5)
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where θ˜I is a 16–component Majorana spinor. Moreover, not all of the components of θ˜I
are physical degrees of freedom, since we still have to take into account the light–cone
gauge. We define
Γ+ ≡ Γ
0 + Γ9
2
=
(
0 γ˜+
¯˜γ+ 0
)
and Γ− ≡ Γ
0 − Γ9
2
=
(
0 γ˜−
¯˜γ− 0
)
(A.6)
but now
Γ11θ = θ ⇒ Γ0θ =
(
0
−θ˜
)
and Γ9θ =
(
0
γ˜9θ˜
)
(A.7)
thus
Γ+θ = 0 ⇔ ¯˜γ+θ˜ = 0 ⇔ γ˜9θ˜ = θ˜
Γ−θ = 0 ⇔ ¯˜γ−θ˜ = 0 ⇔ γ˜9θ˜ = −θ˜ (A.8)
If we decompose the 16–component spinors as θ˜ =
(
χ+
χ−
)
then
χ+ = 0 ⇔ ¯˜γ−θ˜ = 0 and χ− = 0 ⇔ ¯˜γ+θ˜ = 0 (A.9)
and we can represent γ˜9 as
(
18 0
0 −18
)
.
The light–cone and chirality conditions are thus equivalent in our representation to
imposing that only the first 8 components (which constitute a spinor S on their own) of
a 32–component spinor are non–zero. A representation of the SO(8) algebra of gamma–
matrices γi can be built on these spinors (we will do this in the next subsection), and in
particular it is found that for i1, · · · , ip = 1, · · · , 8
Γi1···ipθ → γi1···ipS (A.10)
Γ0θ → −S Γ9θ → S (A.11)
In particular
γ12···8S = S (A.12)
but since (γ1234)
2
= 1 we have
γ1234S = γ5678S (A.13)
SO(8) gamma–matrices algebra representation on 8–component spinors
To build a realization of the SO(8) gamma–matrices algebra on the 8–component
spinors we define the combinations (j = 1, 2, 3, 4)
aj =
1
2
(
γ2j−1 − iγ2j)
a†j =
1
2
(
γ2j−1 + iγ2j
) (A.14)
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Because of the algebra {γi, γj} = 2δij the operators which we just defined realize a
Clifford algebra {
a†j , ak
}
= δjk
{
a†j, a
†
k
}
= 0 {aj , ak} = 0 (A.15)
and in particular a†ja
†
j = ajaj = 0. We can interpret the aj and a
†
j as creation and
annihilation operators on an 8–dimensional vector space. We define the vacuum |0〉 as
the state which is annihilated by all the aj operators and build vectors by applying the
a†j operators on it and represent spinors as
S =


S1
S2
S3
S4
S5
S6
S7
S8


=


|0〉
a†1a
†
2|0〉
a†1a
†
3|0〉
a†1a
†
4|0〉
a†2a
†
3|0〉
a†2a
†
4|0〉
a†3a
†
4|0〉
a†1a
†
2a
†
3a
†
4|0〉


(A.16)
B Supersymmetries
Following closely [2] and [13] we take the variation equations for the dilatino and gravitino
from [24] and set them to zero:
δλ = − i
4
6G3ǫ
δψM = DMǫ+
i
4
6F5ΓMǫ− 1
16
(2 6G3ΓM + ΓM 6G3)ǫ∗
(B.1)
where DMǫ = ∂M ǫ +
1
4
ω NPM ΓNP ǫ. We take Γ11ψM = ψM and Γ11λ = −λ, so that
Γ11ǫ = ǫ. By choosing the vielbeins
ei = dxi e+ = dx+ e− = dx− +
1
4
(
4∑
i=1
(xi)2 + 2
8∑
i=5
(xi)2
)
dx+ (B.2)
the metric (3.5) can be written as
ds2 = −4e+e− +
8∑
i=1
(ei)2 (B.3)
We find that the only non–zero components of the spin connection ω NPM are
ω−i = −ωi− = 1
2
Aii x
i dx+ (B.4)
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From (3.6)
6G = 2eiα (Γ5 + iΓ6) (Γ7 + iΓ8)Γ+
6F = − 1√
2
(
Γ1234 + Γ5678
)
Γ+
(B.5)
The equation involving the variation of the dilatino is easy to solve and gives(
1 + iΓ56
) (
1 + iΓ78
) (
1− Γ09) ǫ = 0 (B.6)
If we represent the spinors in a basis of eigenvectors of the Lorentz operators {Γ09, iΓ12,
iΓ34, iΓ56, iΓ78}, then a generic spinor can be written as (±,±,±,±,±). The solutions
of (B.6) are
(+,±,±,±,±) (1)
(−,±,±,−,−) (2)
(−,±,±,+,−) (3)
(−,±,±,−,+) (4)
(B.7)
The condition Γ11ǫ = ǫ imposes, moreover, that there be an even number of “−” eigenval-
ues. Not all of these solutions are supersymmetries of the background: the more involved
gravitino equation must also be satisfied. Because of (B.1), (B.4) and (Γ+)
2
= 0 it is
found that
∂−ǫ = 0
∂iǫ = −iΩiǫ− iΛiǫ (B.8)
where
Ωi ≡ − 1
4
√
2
Γ+
(
Γ1234 + Γ5678
)
Γi
Λi ≡ i
8
eiα
(
2
(
Γ5 + iΓ6
) (
Γ7 + iΓ8
)
Γ+Γi + Γ
i
(
Γ5 + iΓ6
) (
Γ7 + iΓ8
)
Γ+
)
Again because of (Γ+)
2
= 0 we have that ΩiΩj = ΩiΛj = ΛiΛj = 0 for any i, j = 1, . . . , 8
and then ∂i∂jǫ = 0: ǫ can only depend linearly on the x
i’s
ǫ = χ− i
8∑
j=1
xj (Ωjχ+ Λjχ
∗) =
=
(
1− i
8∑
j=1
xjΩj
)
χ− i
8∑
j=1
xjΛ∗j (B.9)
where χ = χ(x+) is a positive chirality spinor to be determined via the δψ+ = 0 equation
and (B.6). Substitution of (B.9) into (B.6) gives(
1 + iΓ56
) (
1 + iΓ78
) (
1− Γ09)χ = 0 (B.10)
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thus χ will be one of (B.7). Substituting (B.9) into δψ+ = 0 and setting the constant
term and the 8 terms linear in xi separately equal to zero, we find that the following
equations must be solved
a) ∂+χ = − i
2
√
2
(
Γ1234 + Γ5678
)
Γ+Γ−χ+
1
4
eiα
(
Γ5 + iΓ6
) (
Γ7 + iΓ8
) (
1− Γ+Γ−)χ∗
b) Ωj(∂+χ) + Λj(∂+χ
∗) +
i
2
AjjΓjΓ
+χ− i
2
√
2
(
Γ1234 + Γ5678
)
(Ωjχ+ Λjχ
⋆) +
+
1
2
eiα
(
Γ5 + iΓ6
) (
Γ7 + iΓ8
) (
Ωjχ
∗ + Λ∗jχ
)
= 0
(B.11)
We then substitute a) into b), and find that χ must satisfy
1
2
eiαΩj
(
Γ5 + iΓ6
) (
Γ7 + iΓ8
)
χ∗ +
1
2
e−iαΛj
(
Γ5 − iΓ6) (Γ7 − iΓ8)χ+ i AjjΓjΓ+χ+
− i√
2
(
Γ1234 + Γ5678
)
(Ωjχ+ Λjχ
∗) + eiα
(
Γ5 + iΓ6
) (
Γ7 + iΓ8
) (
Ωjχ
∗ + Λ∗jχ
)
= 0
(B.12)
We notice that if Γ+χ = 0, which corresponds to the first of (B.7), then equation (B.12)
is satisfied: our solution has at least 16 supersymmetries 4. Let us now consider cases
(2)-(4): after some gamma–matrices algebra, we rewrite (B.12) for j = 1, 2, 3, 4 as
i
(
Ajj +
1
2
)
Γ+Γjχ = − i
16
(
Γ5 + iΓ6
) (
Γ7 + iΓ8
)
Γ+Γj
(
Γ5 − iΓ6) (Γ7 − iΓ8)χ +
− e
iα
4
√
2
(
Γ1234 + Γ5678
)
Γ+Γj
(
Γ5 + iΓ6
) (
Γ7 + iΓ8
)
χ∗ (B.13)
The left–hand side can never be zero, because we are considering the case in which
Γ+χ 6= 0, thus there can be a solution to this equation only if the right–hand side of the
equation doesn’t vanish. Let us consider the three cases (2)-(4) of (B.7)
(2)→
{
(Γ5 − iΓ6)χ 6= 0
(Γ7 − iΓ8)χ 6= 0 and
{
(Γ5 + iΓ6)χ∗ 6= 0
(Γ7 + iΓ8)χ∗ 6= 0
(3)→
{
(Γ5 − iΓ6)χ = 0
(Γ7 − iΓ8)χ 6= 0 and
{
(Γ5 + iΓ6)χ∗ = 0
(Γ7 + iΓ8)χ∗ 6= 0
(4)→
{
(Γ5 − iΓ6)χ 6= 0
(Γ7 − iΓ8)χ = 0 and
{
(Γ5 + iΓ6)χ∗ 6= 0
(Γ7 + iΓ8)χ∗ = 0
4This is a general result for type IIB superstrings on a pp–wave [2].
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Thus we see that (3) and (4) cannot be solutions of (B.13). The only possible solution
is (2). The first term on the right–hand side of (B.13) evaluated on χ = (−,±,±,−,−)
gives iΓ+Γjχ. As we already mentioned the condition Γ11χ = χ implies that either one
of the two ±’s must be a − and the other a +. It follows then that Γ1234χ = χ, while
Γ5678χ = −χ and (Γ1234 + Γ5678)χ = 0. The second term on the right–hand side of (B.13)
becomes 2
√
2eiαΓ+ΓjΓ57χ∗, and equation (B.13) reads (Ajj = 1 for i, j = 1, 2, 3, 4)
χ = −2
√
2 i eiαΓ57χ∗ (B.14)
which has no solutions.
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